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Abstract

The modern vision of a flow solver necessarily includes adaptivity. In particular, mesh adaptivity enables the so-
lution strategy to allocate the resources e!ciently, in that cells are concentrated in areas where they are needed, as
opposed to uniform mesh refinement. Multiresolution-based mesh adaptivity using biorthogonal wavelets has been
quite successful with finite volume solvers for compressible fluid flow. The extension of the multiresolution-based
mesh adaptation concept to high-order discontinuous Galerkin discretizations can be performed using multiwavelets,
which allow for higher-order vanishing moments, while maintaining local support. An implementation for scalar
one-dimensional conservation laws has already been developed and tested. We extend here this strategy to systems of
equations, in particular to the equations governing inviscid compressible flows. While the accuracy of the reference
scheme on uniform grid is preserved, storage requirements, and concurrently computational time, are heavily reduced.

Keywords: Grid adaptivity, Multiresolution analysis, High-order methods, Multiwavelet, Discontinuous Galerkin,
Conservation laws

1. Introduction

Compressible fluid flows are characterized by structures which have di"erent length scales, such as shocks, contact
discontinuities, viscous layers, or vortices. Given the desired accuracy, the smallest scale governs the number of grid
points in the meshing process. If the whole domain is refined uniformly, this can lead to an unnecessarily large number
of cells, i.e., to a large number of DOFs. This is especially true for high-order discretizations such as discontinuous
Galerkin (DG) methods, since there can be quite a few DOFs in every cell. This is where adaptive gridmethods [1–5]
come into play. Adaptive mesh refinement enables one to capture very small scales of shock waves by lower-order
approximations, without degrading the overall accuracy. The grid adaptivity process consists of adding cells in regions
of the domain which are marked by a ‘sensor’. In this way, the solution DOFs are ‘localized’ and resources can be
allocated more e!ciently compared to a uniform grid refinement. Grid adaptivity aims both at achieving accuracy
and saving resources, by resolving flow features of relevance and at the same time being able to decide which features
are negligible, without knowing a priori the flow field.

We decouple the di"erent aspects of the solution strategy and concentrate our interest on mesh adaptation (note
that we do not consider p-adaptivity). In particular, we assume that the discretization strategy is given and look for the
optimal computational mesh. In this context, a mesh is considered ‘optimal’ if it allows to reach the target accuracy
with the lowest number of cells. Multiresolution-based mesh adaptivity using biorthogonal wavelets has been quite
successful with finite volume solvers for compressible fluid flow [6]. The rationale behind its design is, given a refer-
ence scheme on a uniform fine mesh, to find an adaptive (coarser) grid on which computations are actually performed.
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This adaptive grid is obtained starting from a coarse grid (a uniform coarsening of the fine uniformmesh) and refining
only where needed, in a way that the accuracy of the reference uniform fine discretization is preserved.

Adaptive grid methods for hyperbolic equations in one space dimension made one of their first appearances in
1983, when Harten and Hyman described a ‘self-adjusting grid method’ [7]. In [1] Berger identified an adaptive
method for the solution of hyperbolic PDEs using finite di"erence techniques. The method proposed in [1] belongs
to the large family of error-estimator-based grid adaptivity techniques. Another possibility is given by approaches
based on multiscale-based grid adaptivity. The concept of multiscale (or multiresolution) representation goes back to
classical work in the field of wavelets [8–11]. Thanks to multiresolution analysis, wavelets are constructed to build
a basis in L2(R): wavelet bases deliver approximations which are localized both in scale and frequency. The core
idea for our work was identified by Harten in the framework of finite volume (FV) methods [12]. A hierarchy of
nested grids at di"erent resolutions o"ers the chance of selecting locally the appropriate level of resolution. Given
two di"erent levels of resolution, the cell averages on the finest level can be represented as a combination of the cell
averages on the coarser level and of arrays of detail coe!cients (or wavelet coe!cients, according to the terminology
in [13]), containing the finer-scale information. This di"erent format reveals insight into the local behavior of the
solution and, on this basis, grid adaptivity can be performed in that only the cells containing information relevant on
the fine scale are included in the adaptive grid.

Away from discontinuities of the solution, the detail coe!cients become smaller as one goes to finer grids, with
a rate which is determined by the local regularity of the underlying solution and the order of vanishing moments of
the wavelets [14]; see [15] for the analogous proof in the discrete multiresolution framework. In a neighborhood
of a discontinuity of the solution, the detail coe!cients remain the same size (under the normalization used here),
independent of the level of resolution. It is in this respect that finding the multiresolution representation of the cell
averages corresponds to analyzing the local regularity of the solution. In Harten’s scheme, however, this information
is not exploited to diminish the number of DOFs, but rather to substitute costly flux evaluations with approximate
values cheaply interpolated from the coarser grid. This approach has been called ‘semi-adaptive’ by Cohen in [16],
because the numerical flux vector is replaced by its adaptive approximation, while the solution is still described and
evolved on a uniform grid. Harten’s idea has been then transferred to ‘fully’ adaptive grid methods in [17], where data
compression is applied in regions where the solution is locally smooth and a locally refined grid is determined based
on the compressed data set.

In this multiscale-based technique, a FV discretization on a fine uniform reference grid and the corresponding
discretization error are taken as a reference. Cells are discarded as long as the accuracy of the reference discretization
is preserved, so that less DOFs provide the same accuracy which would be provided by the fine reference grid. In
order to realize a given error tolerance, one has ideally to bound the thresholding error by the discretization error of the
reference scheme. Note that, even though a reference uniform fine grid must be available, in general no computations
have to be performed on it. Besides, while grid adaptivity is usually based on the evaluation of some error estimator
at every time step, here an estimate for the error is only employed in the analysis of the scalar case to prove which
choices of the threshold value are ‘safe’. The fact that an error estimator is not directly needed in the adaptivity process
is a benefit, since error estimators are typically not available for compressible flow equations. Multiscale-based mesh
adaptivity using biorthogonal wavelets has been quite successful with FV solvers for compressible fluid flows: see for
example [6, 18–20]. Biorthogonal wavelets allow the approximation of functions defined on finite domains as well.
In this context, the higher the number of vanishing moments, the faster the decay of the coe!cients, provided that
the solution is su!ciently regular. This is expressed by the cancellation property of wavelets [21]. For biorthogonal
wavelets to realize more vanishing moments, however, one has to extend the support of the wavelet functions. This is
a severe drawback with regard to complex geometries and parallelization.

In [22] the method has been extended to high-order discretizations by means of a DG method, where by high-
order we refer to methods that have order of consistency larger than two. The extension of the multiscale-based mesh
adaptivity concept to high-order DG discretizations has been done using so-called multiwavelets [23], which allow
for higher-order vanishing moments, while being defined on only one mesh element. An implementation for scalar
one-dimensional conservation laws has been developed and tested in [22] and [24].

The main contribution of this work is the extension to systems of equations, in particular to the equations gov-
erning one-dimensional inviscid compressible flows [25–27]. The paper is organized as follows. In Section 2 we
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elaborate on the reference DG scheme, which is performed on a uniform fine grid. In Section 3 we introduce and
discuss the multiwavelet-based adaptive strategy. We then consider in Section 4 numerical examples of the adap-
tive strategy applied to the time-dependent one-dimensional Euler equations. The reduction in the number of DOFs
and computational time shows to be very favorable. Even though a rigorous analysis as the one for scalar equations
[22, 24] cannot be performed for systems, empirical rules for the choice of the thresholding tolerance give satisfactory
results. Other adaptive strategies have been developed which share some of the features of our approach [28–33].
In Section 5, we describe some of these techniques and compare them to our method. Based on numerical results,
the multiresolution-based adaptivity proposed here appears to be the most e!cient among the methods which apply
multiwavelets for data analysis in the framework of high-order discretization of compressible flow problems. Also, it
is underpinned by the rigorous error analysis for the scalar case, whereas the other methods present only qualitative
results.

2. The Reference Modal Discontinuous Galerkin Scheme

We consider one-dimensional hyperbolic conservation laws. Here we restrict ourselves to problems that are one-
dimensional in space, but the presented multiresolution-based grid adaptivity concept can be extended to the multi-
dimensional case, as it has been done in the FV context [6]. Let t be the time variable and x the space variable. We
consider the divergence form of a system of r > 0 homogeneous nonlinear hyperbolic PDEs:

!u
!t
+ !f(u)
!x

= 0, (1)

where u ! # " [0,T ] # Rr (with # $ R and T > 0), are the conserved quantities, and the flux vector is f ! R r # Rr,
with f = ( f1, . . . , fr)T . The flux can be a nonlinear function of u. These equations are subject to initial data

u(x,0) = u0(x), (2)

and to suitable boundary conditions.
We describe the non-adaptive reference scheme, based on a modal DG discretization. In view of computations,

we consider only compact domains # = [a,b] for the space variable and we take a uniform spatial discretization into
NE cells:

V(k) != (xk, xk+1), k % I != {1, . . . ,NE}, (3)

with xk != a + kh, where h = b & aNE
is the constant grid size. We approximate the entropy solution of (1) with a modal

DG discretization with polynomials of degree p. Let S p be

S p != 'v % L2(#) ! v(V(k) % $p )V(k)* ,+k % I, , (4)

where $p(V(k)) is the space of polynomials of degree at most p on V (k). Here we list the main steps of the
modal DG scheme. Two sets of basis functions for the space S p are considered: not only the primal basis % !=
-"(k)i , k % I, i = 1, . . . ,Np., but also the dual basis %̃ != -"̃(k)i , k % I, i = 1, . . . ,Np.. It should be noted that the num-
ber of basis functions is Np = p + 1. The functions under consideration are expanded in the primal basis, whereas the
dual basis is used to encode the coe!cients of the expansion in each cell [19, 20]. We choose primal and dual basis
so that they are biorthogonal

/"(k)i , "̃(k!)i! 0L2(#) = #i,i! #k,k! (5)

and they have compact support
supp1"(k)i 2 = supp1"̃(k)i 2 = V(k). (6)

In particular, we choose % and %̃ to be the Legendre polynomials ‘shifted’ on # and normalized with respect to L"
and L1, respectively. Here ‘normalizing’ means rescaling so that the norm of each basis function is independent of the
specific cell V(k):

3"(k)i 3L"(#) 4 1, 3"̃(k)i 3L1(#) 4 1, (7)
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where ‘4’ indicates an upper estimate up to some uniform constant. We can now express the approximate solution
uh % (S p)r as an expansion in the basis %:

uh(x, t) !=5
k#I

Np5
i=1
u(k)i (t) "(k)i (x), x % #, (8)

where the coe!cients u(k)i are obtained by means of the biorthogonality relation (5):

u(k)i (t) = 6 b

a
uh(x, t) "̃(k)i (x)dx, +k % I, +i = 1, . . . ,Np. (9)

In order to derive evolution equations for these coe!cients, we multiply (1) by the dual basis function "̃ (k)i , we
integrate over its support V (k), substitute uh(x, t) with its expansion (8) and integrate by parts. In this way, exploiting
the biorthogonality property (5) and the locality of the supports of the basis functions, we obtain the variational
formulation:

du(k)i
dt
+ 7f (uh) "̃(k)i 8x

#
k+1
x+k
& 6

V(k)
f (uh) d"̃(k)idx dx = 0, (10)

where x+k and x$k denote the limit values at x = xk from the right and from the left, respectively. The flux evaluations
are substituted by numerical fluxes:

F(k) 9 f (uh) , (11)

which are defined only at cell interfaces as

F(k)(xk, :) != F1u(k$1)h (xk, :) , u(k)h (xk, :)2 ,
F(k)(xk+1, :) != F1u(k)h (xk+1, :) , u(k+1)h (xk+1, :)2 , (12)

where u(k)h != uh(V(k) . In this way, we obtain the semi-discretized DG formulation:
du(k)i
dt
= &7F(k) "̃(k)i 8xk+1xk

+ 6
V(k)
f (uh) d"̃(k)idx dx. (13)

The derivation of the semi-discretized scheme continues with the application of a quadrature formula to the integral:
in particular, we choose Gauss-Legendre quadrature nodes [34].

At time instant t = tn, n % N, we define
Un != -u(k),ni , k % I, i = 1, . . . ,Np. % Rr%NE %Np+1 , (14)

where u(k),ni != u(k)i (tn) % Rr. We advance in time by means of the s-stage, q-th order explicit strong-stability-
preserving Runge-Kutta method SSPRK(s,q). In particular, we will be using the SSPRK(5,4) scheme [35] for our
computations in Section 4.

Limiting is needed to suppress oscillations near discontinuities which arise in hyperbolic equations. In our DG
scheme, we apply a limiter obtained by making some changes to Shu’s TVB modification [36] of van Leer’s limiter
[37]. This limiter [24] directly corrects the approximated solution in the whole cell, defining how the coe!cients of
order larger than 1 have to be modified. Moreover, it has a formulation independent of the polynomial degree p and
satisfies some desired properties, cf. [24]. The limiting procedure is described in Appendix A.

The algorithm for the reference DG method is given in Algorithm 2.1. This standard algorithm is given merely as
term of comparison for the adaptive procedure, which will be described in Algorithm 3.1. The reference DG scheme
has been validated for scalar problems [24] and for systems of equations [25, 26].

Algorithm 2.1. DG discretization on uniform non-adaptive grid
1: for n = 1,2, . . . do
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2: for $ = 1, . . . , s do
3: Apply limiting operator
4: Compute residual
5: Perform $-th stage of the Runge-Kutta solution method
6: end for
7: end for

3. Discontinuous Galerkin Discretization with Multiscale-Based Grid Adaptivity

As already mentioned, our aim is to accelerate the convergence of a reference DG scheme on a uniform grid by
using an adaptive mesh. In building this adaptive mesh no error larger than the discretization error of the reference
scheme should be introduced. We use a multiscale-based grid adaptation technique. In the following we summarize
the basic conceptual ideas and the main steps of the algorithm of the DG method employing multiwavelet-based adap-
tation. A detailed derivation can be found in [22, 24].

Nested Grid Hierarchy. It is necessary to introduce additional notation. The starting point for the multiresolution
analysis is a coarse uniform mesh G1 with N(1)E cells. Then one subdivides recursively (L & 1 times) the cells of the
uniformmesh G1 in their mid-point (dyadic subdivision). This results in a hierarchy of nested grids G % with increasing
resolution % = 1, . . . , L and N(%)E = N(1)E 2%$1. We choose G1 and L such that the highest level of resolution % = L
corresponds to the uniform mesh associated with the DG discretization described in Section 2, i.e., N (L)E = NE . In the
following we refer to the mesh GL as reference mesh and to the associated DG discretization as reference scheme. LetI% != {1, . . . ,N(%)E } be the set of cells on level %. In Figure 1 a dyadic grid hierarchy G % = 'V(%,k), k % I%, with L = 4 is
illustrated. In particular, V (%,k) != (x%,k, x%,k+1) is the k-th cell on level %, with x%,k != a + (k & 1)h%, and grid size

h% = b & a
N(%)E
. (15)

V ( l ,k )

V ( l ,2k ) V ( l ,2k+1)

l = L

l = 2

l = 1

Figure 1: Sequence of nested dyadic one-dimensional grids.

Multiresolution Analysis. LetU(%) = -u(%,k)i , k % I%, i = 1, . . . ,Np. be the array of (single-scale) coe!cients repre-
senting the discretized flow field at some fixed time level tn on level %. On the set of grids described above we apply the
concept of multiresolution analysis [8]. We consider the set of scaling functions % % != -"(%,k)i , k % I%, i = 1, . . . ,Np.
of shifted and L"-scaled Legendre polynomials. The set % % forms a basis for

S p
% != 'v % L2([a,b]) ! v(V(%,k) % $p(V(%,k)),+k % I%, , (16)

with dim )S p
% * = N(%)E Np and

S p
1 $ ; $ S p

% $ S p
%+1 $ ; $ S p

L. (17)
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Multiwavelets &% != -&(%,k)i , k % I%, i = 1, . . . ,Np. on level % are then chosen so that they form a basis for the or-

thogonal complement space S p
%+1<S p

% , whose dimension is N
(%)
E Np. The union of %% and &% forms a basis for S p

%+1,
i.e.,

span(%%)= span(&%) = S p
%+1. (18)

Here we apply Alpert’s multiwavelets [38]. Note that in the multiresolution analysis based onwavelets, a family of
functions obtained from a single scaling function generates a basis for S p

% by the operations of dilation and translation.
In the multiresolution analysis based on multiwavelets, a family of functions obtained from a set of scaling functions
generates a basis for S p

% by the operations of dilation and translation. As we mentioned in Section 1, our choice falls
on multiwavelets rather than on wavelets because of their better features: in particular, they have local support and at
the same time provide high-order vanishing moments. On each level we consider Alpert’s multiwavelets & (%,k)i , which
are piecewise polynomials and form an orthogonal system to the scaling functions " (%,k)i [38, 39]. Whereas wavelets
are in general continuous functions, this regularity is lost when passing to Alpert’s multiwavelets. In Figure 2 the
Alpert’s multiwavelets for polynomial degree p = 0, 1 and 2 are depicted.

(a) p = 0 (b) p = 1 (c) p = 2

Figure 2: Alpert’s multiwavelets of polynomial degree p.

Let us refer to "(%,k)i and &(%,k)i as the primal scaling functions and primal wavelet functions, respectively. By "̃ (%,k)i

and &̃(%,k)i we will denote the dual scaling functions and dual wavelet functions, respectively. Again, the primal and
dual functions are normalized with respect to L" and L1, respectively, see equation (7). Thus the functions of the
primal and dual systems have the following properties.

(i) They are locally supported:

supp1"(%,k)i 2 = supp1"̃(%,k)i 2 = supp1&(%,k)i 2 = supp1&̃(%,k)i 2 = V(%,k). (19)

(ii) Each wavelet &̃(%,k)i , % = 1, . . . , L, k = 1, . . . ,N(%)E , i = 1, . . . ,Np (recall that Np = p + 1 here), provides vanishing
moments: /P, &̃(%,k)i 0

L2([a,b]) = 0, +P % $p+i([a,b]). (20)

(iii) They are biorthogonal:

/"(%,k)i , "̃(%,k!)i! 0
L2([a,b]) = #i,i! #k,k! , >"(%,k)i , &̃(%,k!)i! ?L2([a,b]) = 0, (21)

/&(%,k)i , &̃(%,k!)i! 0
L2([a,b]) = #i,i! #k,k! , /&(%,k)i , "̃(%,k!)i! 0

L2([a,b]) = 0, (22)

for all % = 1, . . . , L, k, k& = 1, . . . ,N(%)E , i, i& = 1, . . . ,Np.
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(iv) There exists the two-scale decomposition

"̃(%,k)i = Np5
i!=1

25
s=1
m̃1,si,i! "̃

(%+1, 2k+s)
i! , i = 1, . . . ,Np, (23)

&̃(%,k)i = Np5
i!=1

25
s=1
m̃2,si,i! "̃

(%+1 ,2k+s)
i! , i = 1, . . . ,Np, (24)

and its inverse

"̃(%+1, 2k+s)i = Np5
i!=1
1g̃1,si,i! "̃(%,k)i! + g̃2,si,i! &̃(%,k)i! 2 , s = 1,2, i = 1, . . . ,Np, (25)

where the mask coe!cients are determined as

m̃1,si,i! = /"̃(%,k)i , "(%+1, 2k+s)i! 0
L2([a,b]) , m̃2,si,i! = /&̃(%,k)i , "(%+1 ,2k+s)i! 0

L2([a,b]) , (26)

g̃1,si,i! = /"(%+1 ,2k+s)i , "̃(%,k)i! 0L2([a,b]) , g̃2,si,i! = /"(%+1 ,2k+s)i , &̃(%,k)i! 0L2([a,b]) . (27)

Equations (23)-(25) express the relations between the basis functions on level % and on level % + 1. These
relations exist as a consequence of (18).

Note that, in particular, "(%,k)1 coincides with the L1-normalized characteristic function, i.e., "(%,k)1 = h$1% 'V(%,k) . Hence,
the zero-order coe!cients u(%,k)1 coincide with cell averages v%,k.

Multiscale Transformation. Due to property (iv), we determine the corresponding two-scale decomposition of the
solution approximation on level % + 1:

u(%+1)h (x, t) = 5
k#I%

Np5
i=1
1u(%,k)i (t)"(%,k)i (x) + d(%,k)i (t)&(%,k)i (x)2 , x % #, (28)

where, due to the biorthogonality property (iii),

u(%,k)i (t) != /u(%)h (:, t), "̃(%,k)i 0
L2(V(%,k)) , d(%,k)i (t) != /u(%)h (:, t), &̃(%,k)i 0

L2(V(%,k)) . (29)

For further technicalities, we refer the interested reader to [22]. The two-scale transformation (28) can be applied
recursively, transforming the single-scale decomposition of the approximate solution on level L

u(L)h = 5
k#IL

Np5
i=1
u(L,k)i "(L,k)i (30)

into the multiscale decomposition

u(L)h = 5
k#I1

Np5
i=1
u(1,k)i "(1,k)i + L$15

%=1 5k#I%
Np5
i=1
d(%,k)i &(%,k)i . (31)

By this procedure, we essentially have rewritten the array of single-scale coe!cients U (L) as
1. a sequence of single-scale coe!cients U(1) = -u(1,k)i , k % I1, i = 1, . . . ,Np. representing an approximate solu-
tion on the coarsest level % = 1, and

2. L & 1 arrays of so-called detail coe!cients d(%) = -d(%,k)i , k % I%, i = 1, . . . ,Np., % = 1, . . . , L & 1, of ascending
resolution, which carry the multiscale information.
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Level % Multiscale transformation

L U(L)@ A
L & 1 U(L$1) d(L$1)@ AB . . . d(L$2)B . . .@ A
2 U(2) d(2)@ A
1 U(1) d(1)

Figure 3: Multiscale transformation: it allows to switch easily between the single-fine-scale representation U(L) and the multiscale representation
o"ered by U(1) and d(%), % = 1, . . . , L ! 1.

Detail coe!cients can be seen as carriers of individual features of the solution (in other words, fluctuations), which,
if added to the lowest-resolution information, ‘enrich’ it up to the level L of resolution. Equation (31) expresses the
multiscale transformation: see Figure 3.

Thresholding. We apply thresholding with a prescribed tolerance (. Let us introduce the level-dependent threshold
value (% = )2%$L(, where ) is a constant. In the implementation we use ) = 1C16 in order to avoid spurious refinement
triggered by the thresholding procedure, see [24] for details. We discard all the detail coe!cients d (%,k)i % Rr whose
absolute values, scaled with the maximum value of the solution, fall componentwise below ( %:

d(%,k),thr !=

DEEEEEEEEEEEEFEEEEEEEEEEEEG

d(%,k), if max
i=1,...,Np
j=1,...,r

HIIIIIIIIJ

K1d(%,k)i 2
j
K

max
DEEEFEEEG
max
%=1,...,L
k #I%

K1u(%,k)1 2
j
K , 1
LEEEMEEEN

OPPPPPPPPQ
> (%,

0, else,

(32)

where 1u(%,k)1 2
j
is the cell average of the j-th conserved quantity in cell V (%,k). This step, called hard thresholding,

is the keystone of the adaptivity process: null details correspond to cells which will not be included in the adaptive
grid. The more null details, the smaller the number of DOFs in the adaptive grid. The detail coe!cients which are not
discarded are called significant details, because the information that they carry is assumed to be ‘(-significant’ for the
approximation of the solution. The set of significant details is characterized by the index set

D( != '(%, k) ! d(%,k),thr R 0, % = 1, . . . , L & 1, k % I%, . (33)

The thresholding process inserts an error of order ( to the solution. In particular, since the basis is orthonormal, the
magnitude of the discarded coe!cients provides information on the norm of the perturbation error. This justifies why
we discard the smaller coe!cients. Besides, thanks to the fact that we have normalized the basis and to property (ii),
the detail coe!cients become smaller with increasing refinement level when the underlying function is smooth [24].
As a result, the thresholding procedure works indirectly also as a detector of discontinuities. In regions where the
solution is regular the details become small and are discarded; at discontinuities the solution is not regular, and the
details usually stay of the same size (significant) for increasing refinement level.

Prediction. Since the flow field evolves in time, grid adaptivity is performed after each evolution step to provide
the adaptive grid updated at the new time level. In order to guarantee the reliability of the adaptive scheme in that no
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significant future feature of the solution is lost, we have to ‘predict’ which details will be significant at the new time
level n + 1. Prediction can only be based on the information available at the old time level n, i.e., on the set D n

( of
significant details at time level n. If D̃n+1

( is the prediction set, we want to ensure

Dn
( SDn+1

( $ D̃n+1
( . (34)

At the same time, we want to avoid ‘overprediction’ as much as possible, since it leads to useless computational
overhead. We extend the prediction strategy which was used for scalar equations and apply it to each conserved
quantity. Details on the prediction process can be found in [22, 24].
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Figure 4: Example of multiwavelet-based grid adaptation on a small set of 4 grids (3 levels of refinement). (a) Single-scale representation U(L) for
u(L)h on level L = 4. (b) Multiscale representation based on the multiresolution analysis for u(L)h . (c) Thresholding on the multiscale representation.
(d) Construction of the adaptive grid.

Grid Adaptation. By means of the prediction set D̃n+1
( a locally refined grid is determined. For this purpose, we

recursively check, proceeding levelwise from coarse to fine, whether there exists a significant detail in a cell. If there
is one, we refine the corresponding cell. Time evolution is then performed on the adaptive grid. Figure 4 o"ers a
graphical illustration of the grid adaptivity process: an example of multiwavelet-based grid adaptivity on a small set
of L = 4 grids (3 levels of refinement) is presented. In the single-scale representation for u (L)h on level L = 4, expressed
by (30), the grey-colored area highlights that the coe!cients needed for this representation live just on level L. In
the multiscale representation, based on the multiresolution analysis for u (L)h , as described in (31), the grey-colored
area tells us that the coe!cients of this representation live on levels % = 1 to L & 1. Thresholding is then applied on
the multiscale representation through hard thresholding, cf. equation (32). The grey-colored cells correspond to the
index setD(, whereas white-colored cells correspond to discarded details. In the construction of the adaptive grid, the
grey-colored cells compose the grid resulting from thresholding. By applying inverse multiscale transformation, the
single-scale coe!cients on the adaptive grid are computed.

Limiting. Multiscale analysis supports limiting strategies in a way tightly related to mesh adaptivity. In regions
of very steep gradients, or at discontinuities, mesh refinement in conjunction with lower-order approximation is rea-
sonable. In practical implementation, this corresponds to applying the limiting procedure described in Algorithm
Appendix A.1 only on the cells of the highest level of refinement L. The underlying assumption is that cells on the
finest level of discretization are in regions where the treatment with low-order approximation becomes necessary. This
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assumption is supported by the multiresolution analysis, which, as we saw, acts as a discontinuity detector. In cases
where this assumption actually holds, one is ensured that limiters are not active in smooth regions, such as non-sonic
critical points.

Adaptive Multiresolution-Based DG Scheme. The multiscale transformation (31) and its inverse allow to pass
from the single-scale representation on the adaptive grid to the multiscale representation, and vice versa, cf. Figure 4.
Though the solution could be evolved in time in both forms, here the single-scale representation coe!cients are
evolved, since they are also needed explicitly in the limiting process, and since the evaluation of u (L)h with respect to
the local single-scale functions is cheaper than with respect to the multiwavelet functions. The whole procedure is
summed up in Algorithm 3.1. Therein prediction and thresholding are performed on the multiscale coe!cients, while
all the other operations are carried out on the single-scale coe!cients.

Algorithm 3.1. DG discretization with multiwavelet-based grid adaptivity
1: Based on the initial data u0, find the single-scale decomposition (30) for n = 0
2: Set D0( to contain all the cells on all levels % = 1, . . . , L
3: for n = 1,2, . . . do
4: Perform prediction
5: Apply inverse multiscale transformation
6: for $ = 1, . . . , s do
7: Apply limiting operator on the highest refinement level % = L
8: Compute residual
9: Perform $-th stage of the Runge-Kutta scheme
10: end for
11: Apply multiscale transformation
12: Apply hard thresholding
13: end for

Choice of Threshold Value. We focus now our attention on the perturbation analysis, with the goal of controlling
the error which is introduced by the adaptive process. The thresholding process generally inserts an error of order (
to the solution. If this additional error is larger than the discretization error of the numerical scheme, it can damage
the spatial or the temporal accuracy of the reference scheme. The main idea behind this technique is to accelerate the
convergence of the DG scheme without losing accuracy. This means that one should balance the discretization error
of the reference scheme, i.e., the di"erence between the exact solution and the reference scheme, and the perturbation
error, i.e., the di"erence between the reference DG scheme and the adaptive scheme. Let U n

exact % Rr%N(L)E be the
projection of the ‘exact’ solution (a solution computed on a fine enough grid) onto level L, U n

re f ,L % Rr%N(L)E be the
reference non-adaptive DG scheme performed on the uniform grid on level L, and U n

adap,L % Rr%N(L)E be the projection
of adaptive DG scheme onto level L. The bar indicates that the error analysis is performed on the cell averages, for
the same reasons why the convergence analysis is performed for the scheme in the means and then a perturbation
argument is applied [22, 40]. Then we define:

• the discretization error *nL != Unexact &Unre f ,L,
• the perturbation error enL != Unre f ,L &Unadap,L, and
• the full error +nL != Unexact &Unadap,L.

The full error can be estimated by

T+nLTL1(#) U T*nLTL1(#) + TenLTL1(#) U 2Tol. (35)

The ideal strategy would consist of the following two steps:

1. given the accuracy 2Tol that one wants to achieve, choose L and N 0 such that T*nLTL1(#) U Tol;
2. determine the optimal threshold value (opt such that the perturbation error is bounded by Tol as well.
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Thus, the discretization error of the reference scheme and the perturbation error are balanced as in (35). Following this
strategy, one may guarantee that the DG scheme on the adaptive grid preserves the accuracy of the DG discretization
on the full uniform reference grid. This corresponds to choosing Tol = T* nLTL1(#), as we will do in the computations
in Section 4. Hence we will be looking for (opt as the largest ( such that TenLTL1(#) U T*nLTL1(#).

In the scalar case it was proven in that the L1-norm of the perturbation error can be bounded by a term proportional
to ( + h)L, where ) > 1 is a constant coming from stability assumptions on the reference scheme [22]. In practice,
however, (opt is not known a priori. Even in the scalar case where theoretical arguments motivate particular choices
of (, only a rough estimate is available. Empirically, the estimate

( V h,L (36)

gives good results, where the power , can be taken to be 1 for the scalar case [22] and 0.5 for the system case, as we
show in the following.

4. Numerical Results

All numerical data in this chapter were produced using a sequential code (C++) for one-dimensional problems.
Di"erent test cases were run to validate our method. We chose test cases which have already been used in the literature
[41, 42], also in the framework of DG methods [43].

In particular, we solve the time-dependent one-dimensional Euler equations, expressed by (1) with r = 3 and
u = HIJ

-
- v
- etot

OPQ , f(u) = HIJ
- v
- v2 + p(- etot + p)v

OPQ . (37)

The Euler equations express conservation of the mass, of the momentum - v and of the specific total energy e tot =
ekin + eint. The variable - is the density, the variable v is the velocity in x direction,

ekin = 12v2 (38)

is the specific kinetic energy, and eint the specific internal energy. The variable p is the pressure. The system is closed
by means of equation (38) and by a relation defining e int in terms of variables of the system. We assume the gas to be
thermally and calorically perfect, so that the equation of state

eint = p
(. & 1)- , (39)

where . = 1.4 is the ratio of specific heats for air at standard conditions [44], holds and closes the system.
In Section 4.1 we consider Sod’s problem [45], thereby testing the behavior of the method for a classical Riemann

problem. Section 4.2 is devoted to the problem of interaction of two blast waves, which was introduced in [46, 47].
Finally, the adaptive procedure applied to the interaction between a moving shock and density sine waves is described
in Section 4.3. For every test case we have:

• an ‘exact’ solution;

• a reference solution on the uniformly refined mesh, as described in Section 2, and

• adaptive solutions for di"erent values of the tolerance (, computed via the adaptive scheme of Section 3.

For the ‘exact’ solution we did not use an analytically exact solution, but a solution computed on a very fine mesh.
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4.1. Sod’s Problem
The first adaptive test case that we consider is Sod’s problem [45], where fluids in two di"erent regions of a shock

tube have di"erent initial conditions and are separated by a diaphragm, till at time t = 0 the diaphragm is broken. We
consider # = [0,1] and take initial conditions:

u0(x) = W u0,L, if x U 0.5,
u0,R, if x > 0.5, (40)

with

u0,L = HIJ
1
0
2.5

OPQ , u0,R = HIJ
0.125
0
0.25

OPQ . (41)

Constant boundary conditions are imposed at the boundaries.
We choose polynomial degree p = 2. The numerical flux is determined by Roe’s approximate Riemann solver

[48]. We choose the CFL number such that the SSPRK(5,4) method is TV-stable, i.e., CFL = 0.1. Also, we consider
constant M = 0 in the limiter, so that a mere TVD limiter is applied. We take N (1)E = 16 cells on the coarsest gridG1 and consider L = 7 nested levels. This corresponds to 1,024 cells for the reference non-adaptive DG scheme.
Computations are performed until t = 0.25. We consider di"erent values for ( in the hard thresholding procedure:
Figure 5 shows the density profiles for some values of ( and the adaptive grid after thresholding (i.e., after step 12 in
Algorithm 3.1), corresponding to the index setD n

( . We show as well the adaptive grid after prediction (i.e., after step 4
in Algorithm 3.1), corresponding to the index set D̃n

( , on which computations are actually performed. In order to better
understand the concept of the adaptive procedure, we also depict the detail coe!cients. For each level we represent
the cells which are part of the adaptive grid in correspondence of their spatial position. For each cell V (%,k) on level
%, for each wavelet i = 1, . . . ,N2 (from bottom to top), the absolute value of the maximum detail max

j=1,...,3 K1d(%,k)i 2
j
K

is represented by means of a grey scale (di"erent on each level %), where white corresponds to 0 and black to the
maximum value on that level. The order of magnitude of max

i=1,...,3 X1d(%,k)i 2
1
X is given as label on the right axis. We can

observe that the details are small and, hence, no grid refinement is triggered when the solution is smooth, whereas
large details (black in the figure) appear and the grid is refined up to the highest level in the vicinity of the contact
discontinuity and of the shock.

The ultimate goal of our concept is to be faster than the reference DG scheme while preserving its accuracy. For
this purpose we have to find an optimal threshold value ( opt for which the perturbation error introduced by threshold-
ing and the discretization error of the reference scheme performed on the uniform grid on level L are balanced. Here
and in the following, the errors are computed for the cell averages on the highest refinement level L in the L 1-norm.
We plot in Figure 6 the full error and the perturbation error for di"erent threshold values and the discretization error.
The perturbation error is computed on the cell averages of the solution projected onto the highest refinement level. The
‘exact’ solution is here the solution of a DG scheme on a uniform grid with 8,192 cells, i.e., 3 additional refinement
levels compared to our reference scheme. The ‘exact’ solution is represented in Figure 7. Full error and discretiza-
tion error are of the same order of magnitude. For ( = 0 the adaptive scheme coincides with the reference scheme,
which explains why the full error is bounded from below by the discretization error. In Figure 6(b) the perturbation
error is dependent on (, becoming smaller and smaller for small tolerance values. The growth of the perturbation
error, and consequently of the growth of the full error (see Figure 6(a)), is not monotonic with (. This is in particular
true for rather large values of the tolerance. There the threshold value is already so large that important features
of the solution are not captured. We can see that for all the chosen values of ( smaller than 0.01 the perturbation
error is smaller than the discretization error, i.e., grid adaptivity causes no loss of accuracy. This means that the opti-
mal estimated value of the threshold is (opt = 0.01, where by ‘optimal’ we mean most e!cient and yet reliable. The
value 0.01 is also the largest value of ( such that the full error is smaller than 2Tol, as required in (35), see Figure 6(a).

For the optimal value (opt = 0.01, we plot the polynomial approximation of the adaptive solution together with
the reference solution and the ‘exact’ solution, see Figure 8. In the contact discontinuity all the solutions shows some
overshoots, see Figure 8. The overshoots do not penalize the global accuracy of our approximation. If one would
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Figure 5: Sod’s test case with p = 2 at time t = 0.25 for di"erent values of (. Top: density profile. Center: representation of the significant details
after thresholding (Dn(). Bottom: representation of the significant details after prediction (D̃n

( ).
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Figure 6: Sod’s test case: error analysis.
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Figure 7: Sod’s test case: density profile for the ‘exact’ solution at time t = 0.25 .
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want to get rid of them, another numerical flux function or larger L should be chosen, so as to improve the quality of
the underlying reference solution. As concerns the shock wave, the resolution is bounded by the application of the
limiter.
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(c) At the shock wave

Figure 8: Sod’s test case: comparison of the adaptive solution for (opt = 0.01, the reference non-adaptive solution and the ‘exact’ solution at time
t = 0.25. Zoomed-in details of the density profile.

It should be emphasized that our grid adaptivity procedure is able to accelerate the convergence of the reference
DG scheme, but at the same time cannot improve the quality of the reference scheme. Hence, the smeared capture
of contact discontinuities in the reference scheme cannot be overcome by the grid adaptivity. Improvements in that
respect would require the implementation of a better underlying DG scheme.

The e!ciency essentially depends on the thresholding and prediction steps. In particular, the sparser the adaptive
grid, the less DOFs have to be evolved in time. Both the adaptive grid right after thresholding and the adaptive grid
after prediction are represented in Figure 5. They correspond to the index set D n

( of equation (33) and to the index
set D̃n

( , respectively. The adaptive grid after prediction is the grid on which computations are actually performed.
In the ideal case, where the prediction procedure selects precisely the cells which will show significant details after
time evolution and limiting, the adaptive grid after prediction and the adaptive grid after thresholding coincide, i.e.,Dn
( = D̃n

( . This is however not always the case. Even though in the first part of the computation the prediction
procedure inflates the set of significant details up to twice the number of cells in the thresholded set of details, see
Figure 9(b), the same procedure is very sharp when the flow is well resolved, as in the final time step, see Figures 5
and 9(a). In particular, the optimal value of the threshold ( opt = 0.01 corresponds to a grid with less than 8 percent of
the cells in the reference non-adaptive DG scheme. Our approach shows clearly its e!ciency: a compression rate of
about 12 is achieved. This corresponds to a computational time that is less than 9 percent of the computational time
of the reference scheme. Moreover, it should be noted that the CPU time and compression ratio are not very sensitive
to the choice of (, so that significant gain is still obtained even if one takes a value which is smaller of 1 or 2 orders of
magnitude.

4.2. Interaction of Two Blast Waves
We consider a problem involving the generation and interaction of extremely strong nonlinear waves in one dimen-

sion: the interaction of two blast waves. Shocks are considered to be strong if there is substantial entropy production.
We consider a fluid at rest in the domain # = [0,1]. Two regions of width 0.1 near the two reflecting walls, i.e., the
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regions [0,0.1] and [0.9,1], contain hot gas. Namely, we take initial conditions:
u0(x) =

DEEEFEEEG
u0,L, if x U 0.1,
u0,C, if 0.1 < x U 0.9,
u0,R, if x > 0.9, (42)

with

u0,L = HIJ
1
0

2500

OPQ , u0,C = HIJ
1
0

0.025

OPQ , u0,R = HIJ
1
0
250

OPQ , (43)

corresponding to pressure values pL = 1,000, pc = 0.01 and pR = 100. This test case was introduced by Woodward
in [46] and in [47] the evolution of the problem is described in detail. The main development is represented by two
strong blast waves which form at time t = 0 and then, when they collide, they produce a new contact discontinuity.
For the approximation we employ again p = 2.

We focus on the solution at time t = 0.038, when the interaction between the two blast waves has already taken
place. In this and the following computations, the numerical flux is the HLLC approximate Riemann solver [49],
which comes from a modification of the HLL solver, as in [50]. As a constant for the limiter we have M = 10,000 in
this case. We will comment on this below. We choose CFL number 0.1 and use again the explicit SSPRK(5,4) method
for time relaxation. First of all we consider the ‘exact’ solution, namely the solution computed with a DG scheme on
a very refined, uniform grid with 6,656 cells, reported in Figure 10. In the density profile one can recognize starting
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Figure 10: Interaction of two blast waves: density profile for the ‘exact’ solution at time t = 0.038.
from the left first a strong contact discontinuity at about x = 0.6, which was originated by the blast wave at x = 0.1 and
is now traveling to the right. Then, at about x = 0.65, there is the reflected component of the left shock (the one which
formed at x = 0.1) which is now traveling left. The newly created contact discontinuity follows at about x = 0.76
and, on the right of it, the reflected components of the right contact discontinuity and of the right shock can be seen
at about x = 0.8 and x = 0.87, respectively. This is a challenging problem, both because of the strength of the shocks
and the interactions of di"erent waves.

Zooming in on the ‘exact’ solution one can observe the phenomenon of postshock oscillations, see Figure 12.
Low-amplitude non-physical oscillations can be observed. Shock capturing schemes may generate oscillations in the
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form of persistent wavy tails attached to the shock front: [47, 51, 52] o"er an interesting analysis of this phenomenon.
These oscillations are present in both low- and high-order schemes, but appear more clearly in high-order schemes
because they are less dissipative. Though some remedies have been tried in the literature [53], to the present time
the problem of postshock oscillations has not yet found satisfactory solution. In [51] Arora and Roe even conjectured
that sharp shock capturing leads to unavoidable oscillations. The presence of postshock oscillations a"ects also the
reference solution, see Figure 12. Since the adaptive method proposed here only aims at approximating the reference
solution by means of a coarser grid, it cannot fix the problems of the underlying reference scheme. Hence, postshock
oscillations will a"ect the quality of the adaptive solutions as well, as we will see below.

We analyze the solutions and their corresponding adaptive grids for di"erent values of the tolerance ( (see Fig-
ure 11). We allow for 6 levels of refinement, with N1 = 13 cells on the coarsest grid G1. Focusing on Figure 11, and
in particular on the adaptive grid with ( = 0.0018, one notices that the grid is intensely refined in the area [0.6,0.85]
of the ‘density slab’, where the solution should be fairly smooth. The presence of postshock oscillations triggers grid
refinement, because the numerical solution in those regions has an information content which di"ers from the smooth
nature of the exact solution.

The massive presence of postshock oscillations has some important consequences. The prediction procedure sees
these oscillations as ‘information’, therefore refinement is triggered and the discretization error is very large. All the
values smaller than 0.056 chosen for the tolerance ( correspond to a perturbation error smaller than the discretization
error. It is not possible to choose values for ( larger than 0.18, because that leads to too coarse grids, unable to capture
the features of the solution (the method becomes unstable). In Figure 13 the behavior of the perturbation error is
depicted. In this case, the optimal estimated value for the threshold would be ( opt = 0.056.

In Figure 14(a) we plot the behavior of the number of cells at the final time step and of the CPU time with respect
to the tolerance (. As one would expect, the number of cells decreases for larger (, since the grid is less refined. In
Figure 14(b) we also study the variation in the number of cells with time. The qualitative behavior of the number
of cells after prediction and the behavior of the number of cells after thresholding are similar. We are in the ideal
case: the two adaptive grids (after thresholding and after prediction) are almost indistinguishable. This can be clearly
observed in Figure 14: prediction gives here an extremely sharp estimate of the set of significant details. In spite of
the low quality of the solution given by the reference DG scheme, the adaptive procedure performs very well. If we
consider the optimal value ( = 0.056, less than 8 percent of the cells are used in the adaptive procedure with respect
to the reference DG scheme performed on the uniform grid.

It is worth to recall that our approach pursues the goal of approximating in the best possible way the reference
solution, by means of a coarser grid. If the underlying reference method produces a somehow poor solution to the
physical problem, the adaptive procedure cannot recover the exact solution. In this respect, the solution with tolerance
( = 0.056 shows a very good agreement with the reference solution and this with a reduction by a factor of 0.08 in
DOFs and by a factor of 0.13 in computational time.

The prediction procedure in our adaptive concept is set to refine the grid in a certain point of the domain up to
highest level of refinement L if it is ‘predicted’ that the limiter will be applied in that point in the following time step.
The reason is that, as we mentioned, limiter is applied only on level L. In our experience, this concept works very
well everywhere but at nonsonic critical points. At nonsonic critical points this a"ects the e!ciency of the prediction
procedure: the adaptive grid is inflated excessively and unnecessarily (‘overprediction’). In fact, at the following time
step, multiresolution analysis would then reveal that the solution is actually smooth, and the cells resulting from the
refinement up to level L would be discarded. To avoid overprediction, it is crucial to choose accurately the constant
M, so that no limiter is applied at nonsonic critical points. This is the reason which determined our choice for the
constant M in (A.3). A value M > 0 corresponds to applying the limiter only for discontinuities which are ‘large
enough’, according to condition (A.3). Future development of the multiresolution-based adaptive concept should
include the implementation of a better alternative to limiting, e.g., a vanishing viscosity method.

4.3. Interaction of a Moving Shock with Density Sine Waves
High-order schemes become particularly useful when the problem has some structure in the smooth part of the

solution. In order to see this, we consider a test case which involves both shocks and some structure in the solution
and choose polynomial degree p = 3. We take a test case from [54], with initial conditions including a jump in the
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(a) ( = 0.056 (b) ( = 0.018

(c) ( = 0.0056 (d) ( = 0.0018

Figure 11: Interaction of two blast waves at time t = 0.038. Top: density profile. Center: representation of the significant details after thresholding
(Dn
(). Bottom: representation of the significant details after prediction (D̃n

( ).
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Figure 12: Interaction of two blast waves at time t = 0.038. Detail of postshock oscllations.
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Figure 13: Interaction of two blast waves at time t = 0.038: error analysis.
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initial quantities and sinusoidal behavior of the density. Again, we consider the one-dimensional Euler equations with

u0(x) = W u0,L, if x U &4,
u0,R(x), if x > &4, (44)

with conditions derived from

-0,L = 3.857143,
u0,L = 2.629369,
p0,L = 10.33333,

-0,R(x) = 1 + 0.2 sin(5x),
u0,R = 0,
p0,R = 1. (45)

The shock is moving to the right. We consider constant boundary conditions on the domain # = [&5,5]. Globally
6 refinement levels are considered, with N (1)E = 20 cells on the coarsest grid G1. This corresponds to a uniform grid
with 1,280 cells for the non-adaptive reference DG scheme. In this computation, the numerical flux is the HLLC
approximate Riemann solver. The constant in the limiter (A.3) was chosen as M = 1,000. We choose CFL number
0.1 and the explicit SSPRK(5,4) method.

Figure 15 shows the ‘exact’ solution, obtained on a uniform grid with 10,240 cells. The adaptive solution for
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Figure 15: Interaction of a moving shock with density sine waves at time t = 1.8: density profile for the ‘exact’ solution.
di"erent levels of ( is shown in Figure 16. Grid refinement is triggered both at shocks and in the region where the
solution is of sinusoidal type. For smaller values of ( the grid is refined also in correspondence of the other jumps in
the solution.

We then examine the behavior of the errors in Figure 17. All the values considered for ( give a perturbation error
very close to the discretization error. (opt = 0.056 is the value which needs the smallest number of DOFs and yet
produces a perturbation error smaller than the discretization error.

We report in Figure 18 the number of cells in the adaptive grids, scaled with the constant number of cells on the
reference discretization. We are in an almost ideal case: predicted adaptive grid and thresholded grid do not di"er
much in the number of cells. For the optimal value ( opt = 0.056 the number of DOFs in the adaptive grid is less than
4 percent of the number of DOFs in the reference non-adaptive solution, corresponding to a speed-up of more than
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(a) ( = 0.18 (b) ( = 0.056

(c) ( = 0.018 (d) ( = 0.0056
Figure 16: Interaction of a moving shock with density sine waves with p = 3 at time t = 1.8. Top: density profile. Bottom: representation of the
significant details after thresholding (Dn( ).
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Figure 17: Interaction of a moving shock with density sine waves at time t = 1.8: error analysis.
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Figure 18: Interaction of a moving shock with density sine waves: data compression and speed-up.

11. In other words, the adaptive computation is more than 11 times faster than the reference computation, and yet it
results in the same error.

We recall that high-order FV discretizations typically need a much more refined grid for this configuration, since
they employ large stencils to reach high order. This is the reason why for high-order discretization the DG discretiza-
tion has been adopted. If one used high-order FV schemes, the gain given by the multiresolution-based grid coarsening
would be lost in large part. In particular, a quantitative comparison between adaptive FV and adaptive DG schemes
can be found in [24].

5. Discussion and Conclusion

We have applied the multiwavelet-based grid adaptivity procedure to one-dimensional systems of conservation
laws. In Table 1 we summarize the run test cases, reporting the polynomial degree p, the number L of grids, the
number N(1)E of cells on the coarsest grid G1, the number Nre f of cells on the grid for the reference non-adaptive DG
scheme, the cell size hL on the highest refinement level, the optimal threshold value ( opt and the discretization errorT*nLT%1 . Table 2 lists for the optimal value ( = (opt, the perturbation error, the relative number of cells in the adaptive
grid and the relative CPU time with respect to the reference scheme.

The performed test cases showed that adaptive computations for optimal values of ( have less than 8 percent of
the DOFs of the reference non-adaptive scheme. This remains true also for values of ( close enough to ( opt, since the
number of cells is not too sensitive to this parameter. We try to quantify the expression ‘close enough’. We consider
the interaction of two blast waves, which is the test cases where the compression ratio depends more strongly on
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Test Case p L N(1)E Nre f hL
Y
hL (opt T*nLT1

of Section:
4.1 2 7 16 1,024 V 0.001 V 0.03 0.01 0.0005
4.2 2 7 13 832 V 0.001 V 0.03 0.056 0.0290
4.3 3 7 20 1,280 V 0.008 V 0.09 0.056 0.1118

Table 1: Adaptive DG discretization: summary of the run test cases.

Test Case

of Section: TenLT1 Nadap((opt)
Nre f

CPUadap((opt)
CPUre f

4.1 0.0004 < 8 % < 9 %
4.2 0.0281 < 8 % < 13 %
4.3 0.0991 < 4 % < 9 %

Table 2: Adaptive DG discretization for ( = (opt: perturbation error, data compression, and CPU time.

the threshold value (, see Figure 14(a). Even using a value of ( which is 40 percent larger or smaller than ( opt, the
adaptation procedure delivers an adaptive scheme with less than 8 percent of the DOFs of the reference scheme.

The error analysis showed that also in the case of systems of equations the prediction procedure is ‘safe’, meaning
that no significant information is lost. In the scalar case it has been proven analytically that the L 1-norm of the
perturbation error can be bounded by a term proportional to h ,L, where , = min(1,))C2 and ) is a constant coming
from stability assumptions on the reference scheme [22]. This estimate is, however, very pessimistic. For scalar
problems numerous computations have been performed [24], from which it can be concluded that ( V h L (namely,
, = 1) is a reasonable choice. In our computations the choice of the threshold value as

( V ZhL (46)

seems to be more appropriate, and still in agreement with the theoretical result for the scalar case, see Table 1.
Future necessary developments include the implementation of convergence acceleration techniques for steady

problems (e.g., local time stepping) and of implicit relaxation techniques, and the extension to viscous systems
(Navier-Stokes equations). The compact stencil of the spatial discretization eases the incorporation of p-adaptivity,
for instance of the type described in [24]. None of the conceptual ingredients are restricted to the framework of
one-dimensional systems. The extension to multidimensional systems of conservation laws would be based on tensor
products for hexahedral elements, and on generalizations of the multiwavelets [55] for simplices.

Starting from the same remarks that we collected in Section 1, other adaptive strategies have been developedwhich
share some of the features of our approach [28–33]. One example is given by the so-called modified wavelet method
[30–32], a method based on the sparse point representation [56]. This technique, limited to structured grids, uses
the compressed data set in order to decide in which cells flux evaluations should be performed exactly [24]. At the
cells excluded from the adaptive data set the flow variables are just interpolated. Then, time integration is performed.
There the prediction strategy is however just empirical: no actual guarantee is given on the retainment of accuracy.
The method has been tested on a two-dimensional time-dependent Euler problem (shock-vortex interaction) in [31]:
a compression ratio up to 8 is obtained, which corresponds to at least 12 percent of cells with respect to the uniform
reference scheme. The whole procedure is rather expensive, since this translates into a computational time which is at
least 50 percent of the reference time. One reason is that time integration is performed for all DOFs.

It is worth considering yet another approach for its close similarity to ours, pointing out analogies and di"er-
ences. In [29] Shelton presents a multiresolution DG method for unsteady compressible flows. There but the same
Alpert’s multiwavelets are adopted in the multiresolution analysis. As regards thresholding the same test as in (32)
is performed, though using the %2-norm. Besides, therein a di"erent level-dependent threshold value is used. All the
cells with significant details and their direct neighbors on the same level are retained in the adaptive grid. We suspect
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that this inflation of the set of significant details is needed to take into account time advancement: in fact, no predic-
tion procedure is mentioned. Shelton’s ‘reliable’ choice for the threshold value is ( V h p$ 12

L , though no error control
analysis is given. This choice would be far too pessimistic in our context, but is probably necessary in his setting in
order not to miss important features of the solution (due to lack of prediction procedure). An interesting aspect of
this approach is the use of scale transition algorithms to transfer matrix operators of the reference scheme onto the
multiresolution-based DG scheme. This is however not necessary in our context, since the underlying scheme is a
classical DG method, which acts on the single-scale coe!cients and not on the details.

Shelton tested his approach on a few one- and two-dimensional inviscid flows, obtaining compression ratios
NadapCNre f varying between 5 and 25 percent. In particular, for Sod’s test case he obtained a compression ratio
of about 30 percent, including 4 times more cells than we do with our approach for optimal ( opt. Regarding com-
putational time, though the initial rate of reduction in the wall clock time is roughly the same for di"erent values
of p, it deteriorates faster for high orders of consistency, probably due to the overhead of the operators and the en-
coding/decoding algorithms. An important aspect to keep in mind is that no direct comparison can be done with
our approach, since in [29] no guarantee is given on the accuracy of the solution and only qualitative comparisons
were presented. This seems to confirm the strength of our approach, which yields consistent gain in terms both of
compression and speed-up with a viable heuristic to estimate an appropriate threshold value.

Appendix A.

Algorithm Appendix A.1 describes the limiting strategy, which operates in two successive passes. In the first pass
(/ = 1), if condition (A.3) is satisfied, then all the coe!cients of the approximation of order larger than 1 are put to
zero, as expressed by (A.5). In the second pass (/ = 2), condition (A.3) is again verified and, if it is true, then the
coe!cient of order 1 is scaled with a factor ck < 1, as expressed by (A.6). In condition (A.3), #v k,± are defined as

#vk,± != lim
+'0 7u(k)h (xk ± +, :)8 & vk, (A.1)

where vk is the cell average of u(k)h at time tn:

vk != 1
vol )V(k)* 6V(k) uh(x, tn)dx. (A.2)

See [57] for the choice of constant M > 0. In condition (A.3) the order of magnitude of each conserved variable is
taken into account separately. In equation (A.4), '+ is the forward di"erence operator '+vk != vk+1 & vk, and m is the
minmod function [58] with 5 arguments. Note that the limiting process is conservative, since the coe!cients u (k)1 of
order 1 are not a"ected by the limiting.

Algorithm Appendix A.1. Limiter
1: for / = 1,2 do
2: if there exists j % {1, . . . , r} such that:

max ( ((#vk+1,$) j( , ((#vk,+) j( )
max[max

k#I ((vk) j( ,1\
> M'x2 (A.3)

then
3: compute ck != min (1, ck,1, . . . , ck,r) with

ck, j != m]1, ('+vk$1) j(#vk,+) j ,
('+vk) j(#vk,+) j ,

('+vk$1) j(#vk,$) j ,
('+vk) j(#vk,$) j ^ (A.4)

4: if ck < 1 then
5: if / = 1 then
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6: update the coe!cients of the approximation as

u(k)i != W u(k)i , if i % {1,2},
0, if i > 2 (A.5)

7: else
8: update the coe!cients of the approximation as

u(k)i != W u
(k)
1 , if i = 1,
ck u(k)i , if i > 1 (A.6)

9: end if
10: end if
11: end if
12: end for
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